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We study properties of instanton and monopole in an external chromomagnetic eld. Generally, the
’t Hooft ansatz is no longer a solution of the Yang-Mills eld equation in the presence of external elds.
Therefore, we investigate a stabilized instanton solution with minimal total Yang-Mills action in a nontrivial
topological sector. With this aim, we consider numerical minimization of the action with respect to the global
color orientation, the anisotropic scale transformation and the local gauge-like transformation starting from
a simple superposed gauge eld of the ’t Hooft ansatz and the external color eld. Here, the external color
eld is, for simplicity, chosen to be a constant Abelian magnetic eld along a certain direction. Then, the
4-dimensional rotational symmetry O(4) of the instanton solution is reduced to two 2-dimensional rotational
symmetries O(2)  O(2) due to the eect of a homogeneous external eld. In the space R3 at xed t, we
nd a quadrupole deformation of this instanton solution. In the presence of a magnetic eld ~H , a prolate
deformation occurs along the direction of ~H . Contrastingly, in the presence of an electric eld ~E an oblate
deformation occurs along the direction of ~E. We further discuss the local correlation between the instanton
and the monopole in the external eld in the maximally Abelian gauge. The external eld aects the
appearance of the monopole trajectory around the instanton. In fact, a monopole and anti-monopole pair
appears around the instanton center, and this monopole loop seems to partially screen the external eld.
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Introduction sec:sec1 Quantum chromodynamics (QCD) includes various infrared phenomena, such as
color connement, dynamical chiral-symmetry breaking and large η0 mass. It is necessary to clarify non-
perturbative phenomena of the QCD vacuum composed of quarks, anti-quarks and gluon elds interacting
in a highly complicated way. Topological properties may provide a useful approach for descriptions of the
nonperturbative nature of QCD, although the usual perturbative expansion is not applicable in this in-
frared region. The instanton solution Belavin:1975fg is actually related to the UA(1) anomaly and large η0
mass.’tHooft:1976up Witten and Veneziano derived an approximate relation between the η0 mass and topo-
logical susceptibility in the context of the 1/Nc expansion.Veneziano:1979ec,Witten:1979vv Chiral symmetry
breaking could also be interpreted as an instanton eect.Shuryak:1990cx,Schafer:1998wv,Diakonov:1995ea
With recent progress in computational capabilities, the direct investigation of instanton properties in the
QCD vacuum using lattice QCD simulations has become practicable.Teper:1985rb,Ilgenfritz:1986dz,Polikarpov:1988yr,Campo
Elucidating instanton physics is important in order to understand the nonperturbative QCD vacuum. A cool-
ing procedure can be adopted to eliminate short-range quantum fluctuations and extract only topological
excitations.Teper:1985rb Instantons seem to appear as deformed congurations even after cooling. The vac-
uum structure of non-Abelian gauge theories has been studied by Savvidy employing the background eld
method.Savvidy:1977as In the SU(2) Yang-Mills theory, the eective potential up to one loop order for an
Abelian gauge eld leads to a nonzero constant color magnetic eld instead of the perturbative vacuum. Fol-
lowing Savvidy’s work, the Copenhagen group described the QCD vacuum including the eect of the inhomo-
geneous magnetic structure.Nielsen:1978rm,Ambjorn:1980ms,Ambjorn:1980xi Lattice QCD simulations yield
an average instanton size ρ ’ (0.33− 0.4) fm and an instanton number density (N/V ) hGµνGµν/32pi2i ’
1 fm−4, corresponding to the gluon condensate.Teper:1985rb,Ilgenfritz:1986dz,Polikarpov:1988yr,Campostrini:1990dh,Teper:1
The QCD vacuum contains the gluon condensate and the inhomogeneous magnetic eld. The ’t Hooft ansatz
is not a solution of the Yang-Mills equation in the presence of such a background eld, and therefore the posi-
tion, size, color orientation and 4-dimensional shape of each instanton are altered by the eld. In this paper,
we study the instanton deformation mechanism by deriving a stabilized instanton solution that corresponds
to a minimum Yang-Mills action in the external eld.
Recent studies have revealed the remarkable fact that instantons have a one-to-one correspondence
with monopoles in the Abelian gauge, although these topological objects belong to dierent homotopy
groups.Suganuma:1996qr,Miyamura:1995fc,Hart:1996wk,Fukushima:1997yn,Fukushima:1999gf,Brower:1997js
This correspondence may provide a scenario of a color connement mechanism that the instanton elds give
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rise to the multi-production of monopole loops as a signal of monopole condensation.Fukushima:1997yn,Fukushima:1999gf
For this reason, we further investigate the appearance of monopoles around the instanton as a deformed con-
guration in external color magnetic elds.
Instantons in an external eld sec:sec2 The instanton is a classical nontrivial solution of the Euclidean
Yang-Mills eld equations with a nite action, which was discovered by Belavin, Polyakov, Schwartz and
Tyupkin.Belavin:1975fg,Rajaraman:1982bk,Shuryak:1988bk The appearance of instantons corresponds to
the homotopy group 3(SU(Nc)) = Z1.Rajaraman:1982bk In Minkowski space, instantons are interpreted
as tunneling events among degenerate vacua that are labeled by dierent winding numbers. The Euclidean
Yang-Mills action is written equation S = 12g2
∫
d4xtr (GµνGµν) , EY MA
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